Solution to Mid-term Exam, MMAT5520

by YU, Rongfeng

1.(6 marks) Solve the initial value problem

dy

xdfm+3y—8x2 =0, z>0; y(1) =5.
Soution: Multiplying 22 on both sides of the equation
d
Py 3%y = 8zt
dx
d
%(II;Sy) = 81’4,
By = /8x4dx,
8
By = gx‘r’ +C,
8
y = —a2*+Czx3
5
Since y(1) =5,C = %7 Thus
= §x2 + Em_s
YTET T
2.(6 marks) Solve
d v/
& _Y + a:yj x>0
dx x
Soution:
Rewriting the equation as
dy _y y
dr x + \/;
Let u = £, we have
d
U+ 2 =y +Vu,
dx
d
:U—u = Vau,
dx
du - de
Vu oz
d
\/—% = /:c_ldx,



3.(6 marks) Show that the equation

(4vy + 2y*)dx + (2* + 3zy)dy = 0
has an integrating factor of the form pu(x,%) = y* and solve the equation.
Soution: Multiplying the equation by p(x,y) = y* gives

(4zy* L + 252 da + (22 + 3z dy = 0.

Now
0
@(4$yk+l+2yk+2) — 4(k+1)xyk+2(k+2)yk+1
0
%($2yk+3xyk+1) — Qxyk+3yk+1

Let k = —1, then

oy ox

The equation is exact.

Set
F(z,y) = /(élxyé + Qy%)dx = 2a:2y% + Qxy% +9(y)-
We want
OF@,y) _ 2% 4 30yb
dy
2%y 4 3ayT 4 g/ (y) = 2%y 2+ 3aye,
gy) = 0.
Therefore we may choose g(y) = 0 and the solution is
21‘23/% + ny% =C.
2 5 3
4. (6 marks) Let A = 1 2 0 |.Find Al by
-1 -2 2
(a) using elementary row operations.
(b) finding the adjoint of A.
Soution: (a)
2 5 3|1 00 1 2 0|0 1
12 ofo 10 | B2 9 5 31 0
-1 -2 20 0 1 -1 -2 20 0

0 0
—(4;1:3/% + 2y%) = 2:6@/_% + 3y% = —(:L‘Zy_% + 3xy%).

= O O



RowRo—2Ry (1 2 0|0 1 pasin, [ 120 1 0
Mot oL g 1 31 -2 0 : 01 3[1 -2 0
00 2(0 1 1 00 1{o & 1%
T 1200 1 0 e pan 00/-2 8 3
S, o1 0|1 I 3 | a2 1 0|1 -7 -3
001/0 3 3 0010 1 3
Therefore
-2 8 3
-1 _ 7 _ 3
AT =11 =3 —3
0 3 3
(b)
2 5 3 01 3
dtA=] 1 2 0]|=|12 0]|=-2
-1 -2 2 00 2
and
‘20‘ _‘53‘ 5 3
-2 2 -2 2 2 0 416 6
gia—| |t o 2 3 |2 3 PR
G = 1 2 ~1 2 vol |7\
1 2 2 5 2 5
-1 -2 -1 -2 12
Therefore
L adjA L[ 4 16 -6 -2 87 33
TqetAd - 2| 2T s =L e
¢ 0 -1 -1 o 3 1

5. (6 marks) Find the equation of the circle of the form 22 4 y? + Dz + Ey+ F = 0 which passes
through (2, —1), (0,—3) and (-2, 3) by writing down a suitable determinant.
Soution: The equation of required circle is

T Y x2+y2
2 -1 224 (-1)?
0 —3 0%+ (-3)?

-2 3 (=2)2+3?

— = =
|
=

1 =z vy 224+

1 2 -1 5)

1 0 -3 9 =0,
1 -2 3 13

1 =y 22492

1 2 -1 D

0 -2 -2 4 =0
0 —4 4 8

1z y a?4+y?

1 2 -1 5

0 1 1 —2 =0,
01 -1 -2



O O = =
O = Ny

Yy +y
-1 5
1 -2 =0,
—2 0
z 24y
2 5 |=o,
1 -2

2y 422 -9=0.

6. (6 marks)Let M be a 4 x 4 matrix with det(M) = m # 0. Write M = [x1, X2, X3, X4, where
X1, X2,X3,X4 are the column vectors of M. Find the determinant of the following matrices in

terms of m.
(a) A =[x4, 4x2 — X3, X3, X1]
(b) B =M"M?
(c) C=3M"!

Soution: (a)

det A =

|x4, 4%x9 — X3, X3, X|
—|x1, 4X2 — X3, X3, X4
—|x1, 4x2, X3, X4
—4|x1, X2, X3, X4

—4m.

(b) det B = det(MTM?) = det(M7) - det M - det M = det M - det M - det M = m?.

(c) detC = det(3I,M1) = det(3L4)(det M)~ = 34m~! = 81m~ L.

1 -2 -2
3 -6 -1
7. (6 marks) Let A = 1 -2 5
-2 4 =3

— 00 N
Iy

(a) Find a basis for the row space of A.

(b) Find a basis for the column space of A.

(c¢) Find a basis for the null space of A.

Soution:
1 -2 -2 1 3
3 -6 -1 2 4
1 -2 5 &8 —4
-2 4 -3 1 1

1}%2%1}2%2—3]{2%1 -2 -2 1 3
3—hiz— I
R4s—R4+2R; 0 5 -1 -5
%

o 7 7 =7
o -v 3 7

o o o



1 -2 -2 1 3 1 -2 -2 1 3
R3—1R3 0 O 5 —1 =5 Ro+>R3 0 O 1 1 -1
0 O 1 1 -1 0 O 5 -1 -5
o 0 -7 3 7 o 0 -7 3 7
Re s SR 1 -2 -2 1 3 1 -2 -2 1 3
RimRi47ms | 0 0 1 1 —1 | R=—%Rs | 0 0 1 1 -1
0 O 0 -6 0 0 0 0 1 0
0 O 0O 10 O 0 0 0 10 O
Rﬁ_)Rﬁ_IORR?’ 1 -2 -2 0 3 1 -2 0 0 1
% —
Ry —R,—Rj 00 1 0 -1 | RoRrR+2R, [0 0 1 0 -1
—_— —_
0 0 0O 1 0 0O 0 01 0
0 0 0O 0 O 0O 0 00 O
(a) {(1,-2,0,0,1),(0,0,1,0,—1),(0,0,0,1,0)} constitutes a basis for Row(A).

(b) {(1,3,1,-2)T,(-2,-1,5,-3)T,(1,2,8,1)T} constitutes a basis for Col(A).

(c) {(~1,0,1,0,1)T,(2,1,0,0,0)T} constitutes a basis for Null(A).

8. (8 marks) Let P3 be the set of polynomials of degree less than 3 with real coefficients.

(a) Determine whether the following sets are linearly independent in Ps.
(i) 1 -2, 2—2% 1—2?
(i) 1+ 2z, z + 222, 2 + 22
(b) Let pi(x),pa(x),ps(z) € P and define vj, = (pr(—1),pr(0),pr(1)) € R?, for k = 1,2,3.
Prove that if vq, vy, vs are linearly independent, then p;(x), p2(z), ps(x) are linearly inde-
pendent.

(a)Soution: (i)
c1(1 —2) + co(x — 22) 4+ e3(1 — 2?) = 0,

(c1+¢3)+ (—c1+ )+ (—ca — 03):152

The equation is equivalent to the following linear system

2

c1 4+ ¢c3 = 0
—Cc1 + c9 =0
— C — 3 = 0
1 0 110
The augmented coefficient matrix of this system | —1 1 0|0 | reduces to the echelon
0 -1 —-1]0
10 1|0
form | 0 1 1|0 |, which implies that ¢ =1,¢0 =1,¢c3 = —1.
0 0 0]0
e

Therefore 1 — z, x — 22, 1 — 22 are linearly dependent in Ps.

(i)
c1(1 4 22) + eo(z 4 222) 4+ 3(2 + 22) = 0,



(c1 +2¢3) + (2¢1 + c2)x + (262 + c3)2?

The equation is equivalent to the following linear system

Cc1 + 2¢3 = 0

2c1 4+ ¢ = 0

2c9 + cg = 0

1 0 20

The augmented coefficient matrix of this system | 2 1 0|0 | reduces to the echelon form

0 2 110

10 210
0 1 —4(0 |, which implies that ¢; = 0,co =0,c3 =0.

00 110

Therefore 1 + 2z, x + 222, 2 4+ 22 are linearly independent in Ps.

(b)
Proof. Suppose that c1pi(x) + copa(x) + csps(z) = 0.
Let x = —1,0, 1, then we have

cap1(—1) + capa(—1) + e3ps(—1) = 0,

c1p1(0) + c2p2(0) + c3p3(0) = 0,
c1p1(1) + capa(1) + e3p3(1) =0,

which implies that civ1 + cove + c3vg = 0.
Since v1,v9, v are linearly independent, we have ¢; = ¢ = ¢3 = 0.
Therefore, p1(z), p2(z), p3(x) € P3 are linearly independent.



